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Abstract

In this letter, the generalized nonlinear Schrodinger (GNLS) equation, phase-
locked a source x eilx®=erl; {3 4 ang‘; + bulul® + icg%‘; + id% =
K el @®=erl g investigated. Firstly, we reduce this equation to a second-order
non-homogeneous nonlinear ordinary differential equation via a plane wave
transformation and some constraint conditions. Then we use some fractional
transformations to study exact solutions in obtaining the GNLS equation. As
a consequence, many types of exact solutions are deduced such as envelope
rational solutions, envelope periodic wave solutions, envelope solitary wave
solutions and envelope doubly periodic solutions. Similarly, the corresponding
exact solutions can also be obtained for the Hirota-type GNLS equation with a
source and their combined equation.

PACS numbers: 42.81.Dp, 47.35.Fg

As is well known, the nonlinear Schrodinger (NLS) equation [1-4]

3%u
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plays an important role in many nonlinear sciences. It arises as an asymptotic limit of a
slowly varying dispersive wave envelope in a nonlinear medium and as such has significant
applications such as optical soliton communications, plasma physics, etc. Moreover, the NLS
equation admits many remarkable properties, e.g., bright and dark soliton solutions, Lax pair,
Liouville integrability, inverse scattering transformation, conservation laws, bilinearization,
Painlevé integrability, multi-solitons, Bécklund transformation, Darboux transformation,
symmetries, etc. To improve the transmission rate in optical soliton communications, high-
power and ultrashort optical pulses should be used. At the same time, higher-order dispersion
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and nonlinear effects should also be considered. Therefore, the following generalized nonlinear
Schrodinger (GNLS) equation was presented [4, 6]:
d%u 9’u d(ulul®)
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which contains a third-order dispersive term and a self-steepening term, where a, b, ¢, d are
real constants. In addition, Hirota [5] introduced another GNLS equation in the form
2 3
ia—“ +aa—” +bu|u|2+ica—“+ih|u|28—“=0 (3)
ot 0x? ax3 ax
and presented its N-soliton solutions using the bilinear method, where a, b, c, h are real
constants, and ah = 3bc. Zheng [6] had deduced an envelope solitary wave solution of (3)
by gauge transformation and shown that (2) and (3) were different from the view of exact
solutions.
Recently, Raju et al [7] studied the NLS equation with a source in the form
Ay Py

2 —  ellx®—or]
—+—+ + = , 4
9 Ity +puy =«xe “)

where g, i, k are real and £ = o(x — vt). Moreover, some exact solitary wave solutions
of (4) were given using a fractional transformation. Moreover, we can also obtain other types
of solutions of (2)—(4) using some transformations and some of our methods [8].
In this letter, we will investigate the GNLS equation with a source in the form
3%u 33u Aulul®)
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via fractional transformations and some ansatze, where £ = a(x — vt); x (&) is a real function
anda, b, c,d, k,a, v, w are all real.

To study envelope exact solutions of the GNLS equation with a source (5), we take a plane
wave transformation in the form u(x, 1) = ¢ (&) e XE =1 where ¢ (§) is a real function. For
convenience, let x (§) = B + co, where B, ¢( are real constants. Then, separating the real and
imaginary parts of equation (5), respectively, we obtain the following two ordinary differential
equations:

0, 2

K ei[X(E)—wl] (3)

ca’p” + (—av +2a0’ B — 3ca’ B¢’ + 3dagp’P’ =0, (6)
(ao® = 3ca® B)¢" + (aBv + w — aa®B* + ca’ B + (b — daB)¢p® — k = 0. (7)

Integrating equation (6) w.r.t. £ once yields
ca’¢’ +op+dp> —C =0, (8)

where 0 = —v + 2aaf — 3ca?f?, and C is an integration constant.
Since the same function ¢ (£) satisfies two equations (7) and (8), we obtain the following
constraint conditions:

ac® —=3ca®B  afv+w—ad?B+calB?  b—daf «

ca o d C
In the following, with the aid of symbolic computation, we consider equation (8) via some
transformations such that many corresponding types of exact solutions of the GNLS equation

with a source (5) are obtained.

. . 2
Case 1: rational wave solutions. We assume that (8) admits the solution ¢ (§) = giﬁiz , where

A, B, E, F are constants to be determined later. The substitution of this expression into (8)




Letter to the Editor L403

can determine these parameters. Thus, we can obtain the envelope rational wave solution
of (5):

3ca’ P+ CV/=2dC%8% s ey
e o
—ca?y/—2dC? — 2dC2E2

ulx,t) = (10)

where o = —3+/ idCz.

Case 2: periodic wave (trigonometric function) solutions. We assume that equation (8) admits
the solution ¢ (§) = %m’ where A, B, E, F are constants to be determined later. The
substitution of this expression into equation (8) can determine these parameters. Therefore,
we have the envelope periodic wave solution of equation (5):

-9
wix 1) = ca(3F +2) — caF(F +2)sin“ (£ + &) lBE—orvaol (n

| g [+ F sin?(§ + £)]
_ ca’(BF?+4F +4) c— CaPF2(F+2) [2d(F+1)
o= 20+F) T TaF+2 VT ¢

In particular, we have the periodic wave solution of (5):

where

2 SCEHE)  ipeorva)
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where

5 8 5 |2
o = —4ca”, C=—=ca’y/]—.
3 3d
Case 3: solitary wave (hyperbolic function) solutions. We assume that (8) admits the solution

-h2 . . .
o) = %ﬁ’hzg, where A, B, E, F are constants to be determined later. The substitution
of this expression into (8) can determine these parameters. Thus, we obtain the envelope

solitary wave solution of (5):

2
—ca(3F +2)sech”(§) + ca F(F +2) ellfE—orsal

u(x,t) = (13)
d(F+1) /—ﬁ[sechz(g) +F]
where
o ca’(3F2 +4F +4) co cza3F2(F+2)\/m
2(1+F) ’ T 2d(F +1)2 c
In particular, we have the dark solitary wave solution of (5):
2c  eilBs—or+al
u(x,t) :40{\/;W, (14)
where
o = 4ca’, C = —§ca3 —E.
3 3d

Case 4: solitary wave (hyperbolic function) solutions. We assume that (8) admits the solution

PE) = %, where A, B, E, F are constants to be determined later. The substitution
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of this expression into (8) can determine these parameters. Therefore, we get the envelope
solitary wave solution of (5)

ca(3F —2) — caF(F — 2) sinh?(&)

d(F —1) /d<3c_1)[1 + F sinh?(£)]
_ ca’(3F? —4F +4) c_ a3F2(F —2) [2d(F —1)
CTTT aF-n T TdFE—-1 VT ¢

In particular, we have a singular envelope solitary wave solution:

u(x, 1) = ellfs—ertal (15)

where

2c  eilBE—wr+cl
ux,t) =4day) ———m——r, (16)
3d 3csch™(§) +2
where
8 2
o= 4ca2, C = —ca? ——C.
3 3d

Case 5: doubly periodic wave (Jacobian elliptic function) solutions. We assume that (8)
. . 2 . .
admits the solution ¢(§) = ’éiﬁzﬁ—zgir”;;, where A, B, E, F are constants to be determined
later. The substitution of this expression into (8) can determine these parameters. Therefore,

we obtain the envelope doubly periodic wave solutions of (5):

206,
u(x, 1) = Za\/4c(m4 —m?t DF+2em?@m? = 1) e 6:m)  gpe-orvan

17
9d(m? — 1) 1+ Fcn2(&; m) (17
where
P (1 —2m?) + /4 — 32m + 76m? — 12m*
B 3(m2 — 1) :
C = —deo? de(m* —m? + 1)F +2cm?(2m? — 1)’
9d(m? — 1)
o = —4ca’(3m’F — 3F +2m* — 1).
Another envelope doubly periodic wave solutions of (5) is
4c(1 —m2)F +2c(1 — 2m? 1 A
u(X, t) = 2(1\/ C( m ) C( n ) el[ﬁé—wt+£‘o]’ (18)
3d 1+ Fen?(&; m)
where
P (1 —2m?) + /4 — 32m + 76m> — 12m*
B m?2—1 ’
4 4c(1 —m2)F +2¢(1 — 2m?
C = —CO[3\/ < m) 3 ol n )(sz— F +4m? —2),

o = 4dca*(m*F — F +2m? — 1).

Similarly, we can also consider the Hirota-type GNLS equation with a source in the form

w9 93 9 A
i a2 b + el pinu P = el ®-en, (19)
ot ax2 dx3 ox
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We take the transformation in the form

u(x, t) = ¢ (&)@l x (&) = BE +co. (20)

Then, separating the real and imaginary parts of (19), respectively, we have the following two
ordinary differential equations:

ca’d” + (—av +2aa’B — 3ca’ BA)¢ + hag*d =0, (21)
(aa® = 3ca® )" + (fv + w — aa® B + ca® B2 + (b — hap)p® —k =0, (22)

which are similar to equations (6) and (7). Therefore, we can also obtain the corresponding
types of envelope exact solutions of the Hirota-type GNLS equation with a source (19). We
omit them here.
In addition, the combined equation of the GNLS equation with a source (5) and the
Hirota-type GNLS equation with a source is described by
2 3 2
AL S S L S LICI L)
ot 0x2 ox3 ox
It is easy to know that (i) when k = 0, & = 0, equation (23) reduces to the GNLS equation (2);
(i) when k¥ = 0,d = 0, equation (23) becomes the Hirota-type GNLS equation (3); when
h = 0, equation (23) reduces to the GNLS equation with a source (5) and (iv) when d = O,
equation (23) reduces to the Hirota-type GNLS equation with a source (19). Similarly, if we
take the transformation (20), then separating the real and imaginary parts of (23) yields the
following two ordinary differential equations, respectively:

9 .
+inuP = celi®-on (03
0x

ca’d” + (—av +2aa’B — 3ca’ AP’ + (3d + h)ap’¢’ = 0, (24)
(ao® = 3ca® B)g" + (v + w — ac B* + ca’ ) + (b — daf — hap)¢® —k = 0. (25)

It is obvious to see that (24) and (25) have the same structures as (6) and (7) except for
the coefficients. Therefore, we can also deduce the corresponding envelope exact solutions
of (23), which are omitted here.

In summary, we have obtained some new envelope exact solutions of the GNLS equation
with a source (5) using a plane wave transformation and some fractional transformations.
These solutions may be useful in further understanding the GNLS equation with a source.
Similarly, the corresponding solutions of the Hirota-type GNLS equation with a source (19)
and their combined equation (23) can be obtained. These transformation may be used to study
the solutions of other nonlinear wave equations.
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